The advent of controlled experimental accessibility of Bose-Einstein condensates, as realized with e.g. cold atomic gases, exciton-polaritons, and more recently photons in a dye-filled optical microcavity, has paved the way for new studies and tests of a plethora of fundamental concepts in quantum physics. We here describe recent experiments studying a transition between laser-like dynamics and Bose-Einstein condensation of photons in the dye microcavity system. Further, measurements of the second-order coherence of the photon condensate are presented. In the condensed state we observe photon number fluctuations of order of the total particle number, as understood from effective particle exchange with the photo-excitable dye molecules. The observed intensity fluctuation properties give evidence for Bose-Einstein condensation occurring in the grand-canonical statistical ensemble regime.
I. INTRODUCTION
For material particles of integer spin (bosons), Bose-Einstein condensation to a macroscopically occupied ground state minimizes the free energy when cooled to very low temperatures at sufficient density [1] . Other than for gases of material particles [2-6], Bose-Einstein condensation usually does not occur for photons [7] . In the most well-known photon gas, blackbody radiation, photons disappear in the system walls when cooled to low temperature instead of exhibiting Bose-Einstein condensation to the ground mode. This is also expressed by the common statement that the chemical potential for photons vanishes. Early theoretical work has proposed Bose-Einstein condensation of photons in the Compton scattering of X-rays [8] , and more recently Chiao proposed a two-dimensional photon fluid in a nonlinear resonator [9] . Besides in blackbody radiation, thermalization effects have long been accounted for in the description of multimode intracavity spectroscopy laser setups below the laser threshold [10] . More recently, Bose-Einstein condensation of exciton-polaritons, which are mixed states of matter and light in the strongly bound limit, has been experimentally achieved [3] [4] [5] . Here the material part of the polaritons drive the system into or near thermal equilibrium. Our group in 2010 observed Bose-Einstein condensation of photons in a dye-filled optical microcavity [11] , see also recent work by Marelic and Nyman [12] . A very short optical cavity here imprints an effective low-frequency cutoff for photons, with a spectrum of allowed photon energies well above the thermal energy in frequency units. Thermalization of the photon gas to the (rovibrational) temperature of the gas proceeds by absorption and re-emission processes on the dye molecules. For corresponding theoretical works, see [13] [14] [15] [16] [17] [18] [19] [20] .
This article reviews recent experiments of our group studying the transition from laser-like dynamics to Bose-Einstein condensation of photons upon variation of the thermalization rates of the photon gas to the dye medium [21] . Moreover, we describe work observing grand-canonical number statistics of the condensate emission, as understood from effective particle exchange with the reservoir of photo-excitable dye molecules [18, 19, 22] .
In the following, Chapter 2 describes the experimental dye microcavity system, in which the Bose-Einstein condensate is generated, and Chapter 3 presents experiments studying a crossover between laser-like nonequilibrium dynamics and Bose-Einstein condensation of photons. Further, Chapter 4 gives results obtained from studying the condensate number statistics and Chapter 5 concludes this article.
II. TWO-DIMENSIONAL PHOTON GAS IN MICROCAVITY
Our experimental approach utilizes a thermal coupling of a two-dimensional photon gas to a bath of dye molecules. A simplified schematic of the experiment, which has been previously discussed in detail e.g. in Ref. [23] , is shown in Fig. 1(a) . The experiments are conducted in a cavity consisting of two curved mirrors spaced in the micrometer regime, filled with dye in liquid solution. The mirrors, due to their small spacing, impose an upper limit to the optical wavelength that fits into the cavity, corresponding to a restriction of energies to a minimum cutoff ofhω c ≈ 2.1 eV, which is much larger than thermal energy k B T ≈ 1/40 eV at room temperature (T = 300 K). In this case, thermal emission of photons into the modes of the cavity is suppressed by a factor of order exp(−hω c /k B T ) ≈ 10 −36 with the above given numbers, which is a precondition for an independent tuning of photon number and temperature. Note that the limithω k B T is as well fulfilled in usual laser physics, while this separation of energy scales is not fulfilled for a blackbody radiator. By repeated absorption re-emission processes, the photons thermalize to the rovibrational temperature of the dye, which corresponds to room temperature.
In the course of thermalization, the longitudinal modal quantum number of the photons in the thin cavity remains fixed, and the photon dynamics is restricted to the remaining two modal degrees of freedom. In thermal equilibrium, the photon frequencies will then be distributed by k B T /h above the low-frequency cutoff. Rapid decoherence from collisions with solvent molecules prevents a coupling of the phases of the dye molecular dipole and the photon, so that we can well assume that in our experiments photons instead of polaritons are studied.
Inside the resonator the optical dispersion becomes quadratic, see Fig. 1(b) , and the photon gas behaves equivalent to a two-dimensional gas of massive bosons that is harmonically confined, with the latter being caused by the curvature of the cavity mirrors. In contrast to a homogeneous two-dimensional Bose gas, Bose-Einstein condensation here is possible [24] . Interestingly, the effective mass m ph =hω c /c 2 , where c denotes the speed of light in the medium and ω c the cutoff frequency, is some 10 orders of magnitude smaller than the mass of alkali atoms, and the Bose-Einstein condensation transition temperature can be at room temperature. In our experiment, an initial photon population is injected into the dye cavity system by pumping the dye with an external laser beam, either in a temporally pulsed or quasi-cw way. In the latter case, losses from the 'photon box' can be compensated for by maintaining the molecular excitation level of the dye at a constant level. We have experimentally observed both the thermalization [25] , as well as Bose-Einstein condensation of photons [11] . Figure 1 (c) shows typical images for the emitted radiation transmitted through a cavity mirror below (left) and above the phase transition to a Bose-Einstein condensate (right). We observe photon gases with typically up to 70% condensate fraction very closely following expectations for a thermal equilibrium distribution.
Evidence for a BEC of photons was obtained from the observed spectra showing Bose-Einstein distributed photon energies with a macroscopically occupied peak on top of a thermal cloud, the observed threshold of the phase transition showing the predicted absolute value and scaling with e.g. mirror curvature, and condensation in the trap center even for a spatially offset pump beam, as possible by the thermalization [11, 21] .
III. NONEQUILIBRIUM LASING VERSUS EQUILIBRIUM CONDENSATION OF PHOTONS
Trapped dilute cold atomic gas systems achieve a state that is very close to that described by a thermal equilibrium distribution [1, 2]. The establishment of thermal equilibrium conditions demands that there are separate timescales for thermalization with respect to that of losses and pump terms, being a precondition for the concept of Bose-Einstein condensation. In the field of exciton-polaritons, where lifetimes of the quasiparticles typically are as short as several picoseconds, the question whether a system that is pumped and exhibits losses can show Bose-Einstein condensation has been discussed [26, 27] . Experiments give evidence for condensation despite the short lifetime of polaritons [3] [4] [5] .
As the here investigated system is situated in the regime of weak coupling of matter and light, rate equations can be used to describe the dynamics of photons in the dye microcavity. Usual laser equations, in the limit of negligible loss and assuming that the Kennard-Stepanov law predicting a thermodynamic Boltzmann-type scaling between the Einstein coefficients for absorption and emission respectively holds, yield a thermal distribution of photons in the cavity [28] . The Classification of optical sources far from and at thermal equilibrium respectively, in the regime of the photon energyhω, being far above the thermal energy k B T . We assume that the cavity has a low-frequency cutoff and that the thermalization process conserves the average photon number. Thermal equilibrium is obtained also for a pumped system when a photon thermalizes faster than it is lost by e.g. mirror transmission (τ th τ cav , right), while in the opposite limit the state remains far from thermal equilibrium, and becomes laser-like when the gain per cavity roundtrip is higher than photon loss (τ th τ cav , left).
intermediate case of particle equilibrium of the photon gas has in detail been theoretically investigated by Kirton and Keeling [15] . If the cavity lifetime τ cav exceeds the characteristic thermalization time of the photon gas τ th (right hand side of diagram), a trapped photon will be reabsorbed in the dye heat bath and thermalize before being lost by e.g. mirror transmission. Below the critical photon number for Bose-Einstein condensation, again spontaneous processes dominate but a thermalized distribution of cavity modes is now expected. Once the threshold for a BEC is reached, the lowest energetic mode will be macroscopically populated, forming the BEC peak. Both for the laser and the BEC case Bose-enhancement of modes plays a dominant role in the macroscopic population, a process equally well important in the formation of an atomic condensate, with stimulated scattering processes of atoms in the latter case [30] .
We have experimentally determined the characteristic thermalization time in the dye microcavity system by pumping the dye medium with a pulsed picosecond laser and analyzing the subsequent cavity emission in a time-resolved way using a streak-camera [21] . Under spatially homogeneous excitation of the dye molecules the temporal evolution of the spectral photon distribution reveals the thermalization time after which the spectrum is described by a 300K
Bose-Einstein distribution, which is of order of the reabsorption timescale (for typical parameters approximately 20 ps) of a photon in the dye medium. This indicates that indeed thermalization occurs to the molecular bath. Further, we studied the transition between laser dynamics and equilibrium condensation of photons, for which a focused pump pulse was irradiated spatially removed from the trap center, as to energetically remove the initial state of cavity photons from the low frequency ground state, see Fig. 3 for corresponding data. In the course of our experiments, the cavity cutoff was varied in order to tune the coupling strength to the dye bath, allowing to control the thermalization time of the photons. The data shown on the left hand side of Fig. 3 was recorded for a position of the cavity cutoff λ c = 596 nm, for which the wavelength of cavity photons is detuned relatively far from the dye zero-phonon line, so that dye absorption and thermal contact of photons to the dye is weak. We experimentally observe the oscillation of cavity photons within the trapping potential imprinted by the mirror curvature. The photons remain in a non-thermal state at high energies far above the cutoff-frequency, and the according dynamics resembles an analogue to (mode-locked) laser oscillation. Photons here leak out of the cavity before they have a chance to thermalize. The right hand side of Fig. 3 shows data recorded for a cavity cutoff λ c = 571 nm, tuning cavity photons in a wavelength range where they are reabsorbed from the traversing wave packet by dye molecules and thermal contact is established. We observe that with advancing times the photon gas accumulates in the trap center and here forms a Bose-Einstein condensate.
The observations are consistent with further measurements of the time evolution of the photon spectra. While for weak coupling to the dye heat bath the photon spectrum persists in its initial nonequilibrium state, a spectral redistribution of fluorescence to an equilibrium Bose-Einstein distribution is observed, when thermal contact between photons and dye molecules is enhanced [21] .
IV. HANBURY BROWN-TWISS MEASUREMENTS OF THE PHOTON CONDENSATE
The above described studies have demonstrated radiative coupling of photons to a thermal heat bath in the composite dye-photon system. Evidently, the photon gas can not be considered as a system isolated from its environment in the sense of the microcanonical statistical ensemble.
This leads us to the question, whether the electronically excited dye molecules can additionally constitute an effective reservoir species for the photons, allowing for particle exchange among the two subsystems. In the present section, we describe corresponding experimental work determining the intensity correlations of the dye microcavity emission. The main result is that we observe number fluctuations in the condensed state which are of same order as the average particle number of the condensate. This gives evidence for the condensation occurring in a system described by grand-canonical statistical conditions, due to possible effective particle exchange with between photons and dye electronic excitations.
In general, different statistical ensembles represent different conservation laws that can be realized in nature. The microcanonical and canonical ensemble, respectively, refer to physical systems with a fixed number of particles, while energy is fixed in the former case and allowed to fluctuate around a mean value, determined by contact to a heat reservoir, in the latter case.
In the grand-canonical ensemble both energy and particle number of a system can vary due to contact with a particle and energy reservoir and one here finds relative fluctuations of all single particle levels of 100%. For most problems in statistical physics one assumes that the different statistical ensembles become interchangeable in the thermodynamic limit, meaning that relative fluctuations vanish, i.e. ∆N/N → 0, withN as the average total particle number and ∆N its rms fluctuations. Notably, the ideal Bose gas represents an exemption from this generalization, as assuming grand-canonical conditions for the case of the macroscopically occupied ground state present in the Bose-Einstein condensed case yields statistical fluctuations of order of the total particle number, i.e. ∆N ≈N . The fluctuations here do not freeze out at low temperature, instead the prediction is just the opposite: the size of the fluctuations approaches the average particle number as the condensate fraction reaches unity. This counterintuitive phenomenon is commonly referred to as the 'grand-canonical fluctuation catastrophe' [31] [32] [33] .
Grand-canonical ensemble conditions do not apply to a cloud of an ultracold atomic gases well isolated from the environment, as well as for present polariton condensation experiments [3] [4] [5] .
The situation however is less obvious for a spatially finite region within a large reservoir, as was first discussed in relation to e.g. liquid helium systems. The physical significance of the grand-canonical ensemble in the condensed phase has long been an open question. Ziff, Uhlenbeck and Kac showed that, for a system in diffusive contact with a spatially separated particle reservoir, the grand-canonical ensemble loses its validity [32] . These arguments however do not necessarily apply for other types of reservoirs. In the here discussed dye microcavity system, the dye molecules act both as a heat bath and a particle reservoir for the photon gas in a grand-canonical sense, with the contact between system and reservoir not being realized diffusively but by absorption and emission processes, in a spatially overlapping geometry. We have predicted grand-canonical number fluctuations for this system [18] , and the obtained theory results for the photon number distribution have been confirmed [19] .
To experimentally observe the intensity correlations of the condensate mode of dye microcavity emission, we use a Hanbury Brown-Twiss setup [22] . This experiment is carried out by pumping dye microcavity with typically 150 ns long pulses derived by acousto-optically chopping the emission of a cw laser, which is much longer than the picosecond thermalization time [21] . The experiment thus is operated in a 'quasi'-cw mode; as for the case for our initial works described in Section 2. Part of the radiation transmitted through one cavity mirror is spatially filtered in the far-field Fourier plane to separate the condensate mode from the higher transverse modes.
Subsequently, the filtered radiation (condensate mode) is split and directed onto two single-photon avalanche photodiodes. A correlation system records time histograms of detection events at the detectors, from which intensity correlations g (2) (τ ) are determined. Typical measurement results for a fixed size of the molecular reservoir are presented in Fig. 4 .
The thermodynamic state of the photon gas is determined by recording spectra as shown in Fig. 4(a) using a fraction of the light emitted from the cavity. The shown spectra all are in the condensed phase, with an average photon number beyond the critical particle number of N c = 85 000, and
show a peak at the wavelength of the cavity cutoff along with a thermal cloud at lower wavelengths.
The condensate fraction is obtained by a fit to a 300 K Bose-Einstein distribution. Results for the second-order correlation function g (2) (τ ) are shown in Fig. 4(b) . While an immediately secondorder coherent correlation signal, with g (2) (0) = 1, would be expected above the BEC transition (N ≥ N c ) in case of a strictly conserved particle number, we observe photon bunching, with g (2) (0) > 1, to extend clearly into the condensed phase regime. For large delays, the observed bunching of the condensate light decays. The expected crossover between the fluctuating regime and the regime with second-order coherence is at
where M denotes the density of dye molecules,n the average number of photons in the condensate mode and ∆ = ω c − ω zpl the frequency detuning of the condensate from the position of the zero-phonon line of the dye [18, 22] .
(0) Fluctuations, Δn /n (%) except when the condensate fraction becomes very small (below some 5%). In the latter case the measured correlation function reduces towards smaller values, which is attributed to residual light from thermal cavity modes reaching the detection system because of imperfect mode filtering.
The averaging over the large number of modes reduces the observed value for g (2) (0) towards unity.
V. CONCLUSIONS
We have described recent experiments with a Bose-Einstein condensate of photons realized in a dye-filled microcavity. The degree of thermalization of the photon gas was varied by tuning the cavity photons closer to resonance or far from resonance with the dye molecules, which in the latter case results in a suppression of thermal contact to the dye and the photons leaking out of the cavity due to mirror losses before they can thermalize, which is reminiscent to usual laser operation. On the other hand, for an enhanced thermal contact with the dye by absorption re-emission processes, photons thermalize to low energetic states near the cavity cutoff and form a Bose-Einstein condensate.
In a further series of experiments, the intensity correlations of the photon condensate generated in the dye microcavity system were determined. Relevant to those measurements is that the photo-excitable dye molecules do not only act as a heat bath, but also as an effective particle reservoir for the photon gas. When the dye reservoir is sufficiently large with respect to the system size, we observe grand-canonical statistical fluctuations in the condensed state, while the fluctuations reduce to the usual Poissonian case for a smaller relative size of the reservoir. The results give evidence for Bose-Einstein condensation in the grand-canonical statistical regime.
An investigation of the first-order coherence properties of the condensate for different statistical ensemble regimes is subject to current experimental studies. For the future it will be important to test for superfluidity of the photon condensate. An intriguing perspective is the investigation of quantum many-body states in photonic lattices, in which cooling alone can allow for the preparation of entangled many-body states in a thermal equilibrium process when the many-body state is the system ground state.
